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ABSTRACT
A nonlinear model for the dynamics of a hanging can-

tilevered pipe simultaneously subjected to internal and
external axial flows is developed in this paper. The pipe
discharges fluid downwards, which then flows upwards
through an annular region contained by a rigid chan-
nel. Thus, the external flow is dependent on the inter-
nal one, and confined over the whole length of the can-
tilever. A nonlinear equation of motion is derived for that
system via Hamilton’s principle to third-order accuracy.
The fluid-related forces associated with the external flow
are derived separately, as well as the non-conservative
forces due to the internal flow. The equation of motion is
discretized utilizing Galerkin’s technique and solved nu-
merically. The solution is presented by means of bifur-
cation diagrams, time histories, power-spectral-densities
and phase-plane plots. The results are compared to those
presented in experimental and linear theoretical studies
from the literature having the same system parameters.
It was found that the nonlinear theory can qualitatively
predict the same dynamical behaviour as observed, and
is in reasonable quantitative agreement with the recorded
data. Moreover, this model provides a better estimation
of the onset of instability compared to the linear one.

NOMENCLATURE
Ach Cross-sectional area of the annular region
Ai, Ao Inner and outer cross-sectional areas of the pipe
CDp Form-drag coefficient
CN ,CT Normal and tangential drag coefficients
Dch Inner diameter of the rigid channel
Dh Hydraulic diameter of the cantilever
Di, Do Inner and outer diameter of the hanging pipe
EI Flexural rigidity of the hanging pipe
k Viscous damping coefficient
L Length of the hanging pipe
m Mass of the pipe per unit length
Mi Mass of the internal fluid per unit pipe length
Mo Virtual added mass per unit pipe length related

to the external flow
pi, po Internal and external fluid pressures
ρ Fluid density
To(L) Applied tension at the free end of the pipe
Ui,Uo Internal and external flow velocities

INTRODUCTION
Pipes simultaneously subjected to internal and exter-

nal axial flows can be found in many industrial appli-

1



 

 

 

 

FIGURE 1: DIAGRAMMATIC OF THE HANGING
CANTILEVERED PIPE UNDER STUDY.

cations, e.g., heat exchangers and drill stings. The first
study on that topic was undertaken by Cesari and Curi-
oni [1]. In that short article, the stability of horizontal
tubes with different boundary conditions was investigated
theoretically. Paı̈doussis et al. [2] examined the linear dy-
namics of a long tubular cantilever that discharges fluid
downwards which then flows upwards as a confined ex-
ternal flow. Rinaldi [3] studied the same configuration
experimentally and derived a linear model for its dynam-
ics; however, a large discrepancy was found between the
theory and the experiments regarding the critical flow ve-
locity of instability. Recently, Fujita and Moriasa [4] em-
ployed the principle of superposition of the linear stability
analysis of a pipe subjected to internal and external flows
separately to examine the dynamics of the same system.

In this paper, the dynamics of a hanging cantilevered
pipe simultaneously subjected to counter-current, inter-
dependent internal and confined external axial flows, as
shown in Fig. 1, is examined using a nonlinear theory for
the first time. The equation of motion is derived in the
following sections, and it is solved for a system having
the same parameters as that experimentally tested in [3].

DERIVATION OF THE THEORETICAL MODEL
The system under study consists of a flexible can-

tilevered pipe that is centrally located in a cylindrical rigid
channel, so that its undeformed axis coincides with the
gravity direction, g, as shown in Fig. 1. The pipe is
assumed to be slender and can be modeled using Euler-
Bernoulli beam theory. Also, the flow is assumed to be
uniform and the external flow velocity is related to the
internal one via the continuity equation. In addition, the
motion of the pipe is assumed to be planar with large de-
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FIGURE 2: DIAGRAM DEFINING THE COORDI-
NATE SYSTEMS USED.

flections, but small strains.
In the following analysis, two coordinate systems are

used: (i) the Lagrangian (X , Y , Z, t), which is associ-
ated with the undeformed state of the cantilever, and (ii)
the Eulerian (x, y, z, t) for the deformed state. The dis-
placements of a material point on the centreline of the
cantilever, G, from the undeformed state to the deformed
one are shown in Fig. 2, where u = x−X , v = y−Y , and
w = z− Z. The pipe centreline motions are assumed to
be in the (X-Y )-plane, hence Y = 0 and z = Z = w = 0.
The curvilinear coordinate along the cantilever, s, can be
related to X by ∂ s

∂X = 1+ ε̃ , where ε̃ is the axial strain
along the centreline with 1+ ε̃(X) = [( ∂x

∂X )
2 +( ∂y

∂X )
2]1/2.

Since, the pipe centreline is assumed to be inextensible,
then ε̃ = 0, ∂ s

∂X = 1 and ( ∂x
∂X )

2 +( ∂y
∂X )

2 = 1.
The equation of motion is derived via Hamilton’s

principle,

δ

∫ t2

t1
L dt +

∫ t2

t1
δW dt = 0, (1)

where L = Tp−Vp is the Lagrangian, Tp is the kinetic
energy of the pipe including the conveyed fluid, Vp is
its potential energy, δW = δWi + δWo is the total virtual
work done on the pipe, δWi is the virtual work due to the
non-conservative forces associated with the internal flow,
which are not included in the Lagrangian, and δWo is the
virtual work due to the fluid-related forces associated with
the external flow. The equation of motion obtained in this
study is correct to third-order of magnitude, O(ε3), for
y = v ∼ O(ε) and u ∼ O(ε2). Hence the expressions for
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FIGURE 3: FORCES ACTING ON A PIPE ELEMENT.

the virtual work must be correct to O(ε3), while the en-
ergy expressions to O(ε4).

Nonlinear expressions for the kinetic and potential
energies of a pipe conveying fluid have been derived be-
fore in [5], as well as for the virtual work due to the non-
conservative forces associated with the discharged flow.
The fluid-related forces associated with external flow are
derived separately in a similar manner as in [6]. An ele-
ment of the deformed pipe is subjected to the following
forces, as shown in Fig. 3: the inviscid fluid dynamic
force FAδ s, the normal and longitudinal viscous forces,
FNδ s and FLδ s, respectively, and the hydrostatic forces in
the x- and y-direction, Fpxδ s and Fpyδ s, respectively.

The inviscid hydrodynamic forces are derived using
an extension of Lighthill’s linear slender-body potential
flow theory formulated in [7] to a third-order nonlinear
formulation, taking into account the inverted direction of
the external flow in the problem at hand. Thus,

FA(X , t) =
{

∂

∂ t
+

[
−Uo(1−

∂u
∂X

)− (
∂u
∂ t
−Uo)

∂u
∂X

]
∂

∂X

}
×
[
Vo− (

∂u
∂ t

∂v
∂X
−2Uo

∂u
∂X

∂v
∂X

)

− 1
2

Vo(
∂v
∂X

)2
]

Mo−
1
2

MoVo
∂v
∂X

∂Vo

∂X
+O(ε5),

(2)

where Vo is the relative fluid-body velocity associated
with the external flow and Mo is the virtual added mass,
which is equal to χρAo, while χ = (D2

ch +D2
o)/(D

2
ch−

D2
o) is the confinement parameter. Defining the unit vec-

tor pair (~i1, ~j1), which is in the tangential and normal to
the centreline directions at angle θ1 to (~i, ~j), as shown in
Fig. 3, θ1 can be written as θ1 = y′−u′y′− 1

3 y′3 +O(ε5)

with ( )′ = ∂ ( )
∂ s . The velocity of the cantilever with re-

spect to the velocity of the fluid can be defined as ~Vo =
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FIGURE 4: RELATIVE FLUID-BODY VELOCITY Vo.

~̇y+~̇x− (−~U f ), and its direction is shown in Fig. 4, where
U f = Uo(1− ∂u

∂X ) is the mean axial flow velocity relative
to the deforming cantilever. Hence, we have

Vo = ẏ−Uoy′− 1
2

ẏy′2 +2Uou′y′+
1
2

Uoy′3− ẋy′+O(ε5),

(3)
where ( )′ = ∂ ( )

∂ s and ˙( ) = ∂ ( )
∂ t .

The viscous forces are obtained on the basis of the
semi-empirical expressions proposed by Taylor [8]. Fol-
lowing the procedure described in [6], one can write

FN =
1
2

ρDoU2
o

[
CN

(
y′− ẏ

Uo
− ẏu′

Uo
−u′y′+

ẋẏ
U2

o

− 1
2

(
y′3− ẏ3

U3
o
− y′2ẏ

Uo
+

y′ẏ2

U2
o

))
−CDp

(
y′|y′|+ y′|ẏ|+ |y′|ẏ

Uo
+

ẏ|ẏ|
U2

o

)]
+kẏ+O(ε5),

FL =
1
2

ρDoU2
o CT

[
1− 1

2

(
y′2−2

y′ẏ
Uo

+
ẏ2

U2
o

)]
+O(ε4).

(4)

In addition, a detailed derivation of the hydrostatic
forces is also provided in [6] for a clamped-free cylinder
in axial flow, which can be utilized to obtain the following
expressions for the case here under study:

−Fpx = y′2
(
−1

2
ρDoU2

o CT
Do

Dh
−ρgAo

)
−y′y′′Ao po

+O(ε4),

Fpy = (y′−u′y′− y′3)
(

1
2

ρDoU2
o CT

Do

Dh
+ρgAo

)
+(y′′−u′′y′−u′y′′− 3

2
y′2y′′)Ao po +O(ε5).

(5)
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The virtual work due to the fluid-related forces asso-
ciated with the external flow can be written as

∫ t2

t1
δWodt =

∫ t2

t1

∫ L

0
{[−Fpx−FL cosθ1

+(FA−FN)sinθ1]δx+[Fpy−FL sinθ1

− (FA−FN)cosθ1]δy}dsdt.
(6)

By substituting Eqs. 2-5 into Eq. 6, and using Eq. 1,
the final equation of motion of the system can be derived
after many manipulations and transformations. Defining
the following dimensionless quantities:

ξ =
s
L
, η =

y
L
, τ =

(
EI

m+Mi +ρAo

)1/2 t
L2 ,

ui =

(
Mi

EI

)1/2

UiL, uo =

(
ρAo

EI

)1/2

UoL,

βi =
Mi

m+Mi +ρAo
, βo =

ρAo

m+Mi +ρAo
,

γ =
(m+Mi−ρAo)gL3

EI
, Γ =

To(L)L2

EI
, cN =

4
π

CN ,

cT =
4
π

CT , cd =
4
π

CDp, ε̄ =
L

Do
, h =

Do

Dh
,

α =
Di

Do
, αch =

Dch

Do
, ΠiL =

Ai pi(L)L2

EI
,

ΠoL =
Ao po(L)L2

EI
, κ =

kL2

EI(m+Mi +ρAo)1/2 ,

(7)

the equation of motion can be written in dimensionless
form, as follows:

[1+(χ−1)βo]η̈ +2ui
√

βiη̇
′(1+η

′2)

−2uo
√

βoχη̇
′(1− 1

4
η
′2)+u2

oχη
′′(1+2η

′2)

+u2
i η
′′(1+η

′2)− 3
2

χη̇η
′(βoη̇

′−uo
√

βoη
′′)

− 1
2

u2
oε̄cN [η

′+
1
2

η
′3]+

1
2

u2
oε̄cT (1−ξ )(η ′′+

3
2

η
′2

η
′′)

−ΠoL(η
′′+η

′2
η
′′)− (Γ−ΠiL)(η

′′+
3
2

η
′2

η
′′)

− (
1
2

u2
oε̄cT h− γ)[η ′+

1
2

η
′3− (1−ξ )(η ′′+

3
2

η
′2

η
′′)]

+η
′′′′+4η

′
η
′′
η
′′′+η

′′3 +η
′′′′

η
′2

+
1
2

ε̄cNβoη̇

∫
ξ

0
η
′
η̇
′ds+

1
2

u2
oε̄cN

(√
βo

uo
η̇ +

1
2

βo

u2
o

η̇
2
η
′

− 1
2

√
βo

uo
η̇η
′2− 1

2
β

3/2
o

u3
o

η̇
3
)
+κ ẏ

+
1
2

u2
oε̄cd

(
η
′|η ′|+

√
βo

uo
(η ′|η̇ |+ |η ′|η̇)+

βo

uo
η̇ |η̇ |

)
−η

′′(1−βo)
∫ 1

ξ

∫
ξ

0
(η̇ ′2 +η

′
η̈
′)dξ dξ

+2χ(βoη̇
′−uo

√
βoη

′′)
∫

ξ

0
η
′
η̇
′ dξ

−χη
′′
∫ 1

ξ

(βoη̈η
′−2uo

√
βoη̇

′
η
′+u2

oη
′′
η
′)dξ

+η
′(1+(χ−1)βo)

∫
ξ

0
(η̇ ′2 +η

′
η̈
′)dξ

+η
′′
∫ 1

ξ

{ΠoLη
′
η
′′− 1

4
ε̄cT βoη̇

2}dξ

−3χ
√

βouoη
′
∫

ξ

0
(η ′η̇ ′′+η

′′
η̇
′)dξ

− 1
2

u2
oη
′′(ε̄cT − ε̄cN)

∫ 1

ξ

(η ′2−
√

βo

uo
η
′
η̇o)dξ

−η
′′
∫ 1

ξ

(2ui
√

βiη
′
η̇
′+u2

i η
′
η
′′)dξ = 0,

(8)

in which ( )′ = ∂ ( )
/

∂ξ and ˙( ) = ∂ ( )
/

∂τ . It should be
noted that the internal flow is related to the external one
through continuity, thus we have uo = αui/(α

2
ch−1) and

ΠiL = α2ΠoL +αuo(αuo−ui).

METHODS OF ANALYSIS
The equation of motion is discretized using

Galerkin’s technique, with the cantilever beam eigenfunc-
tions, φ j(ξ ), as comparison functions and with q j(τ) as
the corresponding generalized coordinate; thus,

η(ξ ,τ) =
N

∑
j=1

φ j(ξ )q j(τ), (9)

where N represents the number of modes of Galerkin
scheme. Substituting Eq. 9 into Eq. 8, multiplying by
φi(ξ ), and integrating over the domain [0 : 1] results in
a set of ordinary differential equations (ODEs). These
ODEs are solved using AUTO [9], which is based on a
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FIGURE 5: BIFURCATION DIAGRAM.

collocation method and is adapted to conduct bifurcation
analysis for differential equations.

RESULTS AND DISCUSSION
In order to allow comparison between the results of

the nonlinear model derived in this paper and the re-
sults of the experimental and theoretical study of Rinaldi
[3], Eq. 8 is solved using system parameters similar to
the ones in [3]. A system with the following parame-
ters is considered: Do = 0.0159m, Di = 0.00635m, L =
0.343m, EI = 1.05× 10−2 N.m2, m = 0.355kg/m, Mi =
0.0317kg/m, ρAo = 0.198kg/m, βo = 0.339, βi = 0.0542,
αch = 1.6, and γ = 7.14. In addition, cN = cT = 0.0125,
cd = 1.25, and κ j = {4.2, 12.8, 20.3, 27.9}, which de-
pends on the frequency of oscillations, as discussed in
[2], thus a different value of κ is given for each mode,
j = 1 : N. The frequency of oscillations was estimated by
conducting a linear analysis, finding the real part of the
eigenfrequencies, and then calculating an average value
for it at a specific range of flow velocities.

Figure 5 shows a bifurcation diagram obtained via a
four-mode Galerkin approximation with q1 being repre-
sentative of the behaviour of the system. The pipe re-
mains stable around the origin with increasing ui, but at
ui = 1.88, a Hopf bifurcation is predicted leading to flutter
in the first mode. The amplitude of oscillations increases
almost linearly with increasing ui. Samples of the time
history and phase-plane plot at ui = 2.5 are shown in Figs.
6 (a) and (b) revealing that the stable periodic oscillations
are around the origin. Also, a power spectral density plot
at the same flow velocity, calculated by direct fast Fourier
transform, is shown in Fig. 6 (c) with one dominant fre-
quency of oscillations. Moreover, the shape of the pipe
at the maximum deflected position is plotted in Fig. 6 (d)
showing that the oscillations are in the first mode.
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FIGURE 6: AT ui = 2.5: (a) TIME HISTORY PLOT, (b)
PHASE-PLANE PLOT, (c) POWER SPECTRAL DEN-
SITY PLOT, and (d) SHAPE OF THE PIPE AT THE
MAXIMUM DEFLECTED POSITION.

TABLE 1: Comparison between the values of the critical
flow velocity for flutter, ui f , obtained by different studies.

Experiments [3] Theory [3] Proposed Theory

ui f 0.21 2.3 1.88

The results obtained in this study are in good quali-
tative agreement with the experiments reported in [3], in
which first-mode flutter was observed; and the amplitude
of the oscillations increases linearly as the internal flow
velocity is increased. However, quantitatively, flutter was
observed experimentally at vanishing flow velocities as
shown in Table 1. The linear analytical model derived
in [3] predicts the same kind of instability, but overesti-
mates its onset, at ui f , compared to the experiments and
to this nonlinear theory, as shown in Table 1.

The linear model presented in [3] also predicts very
weak damping at low flow velocities before flutter occurs,
which can lead to flow-perturbation excitation at these
low velocities. This could also be the case for the exper-
imentally observed oscillations with small amplitudes at
vanishing flow velocities. With increasing flow velocity,
a sudden reduction in the recorded amplitude of oscilla-
tions in [3] is noticed at ui ≈ 1.8, which may indicate a
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TABLE 2: Comparison between the maximum amplitude
of flutter measured 160 mm below the clamped end of the
pipe, y f (s = 0.466), in mm obtained by different studies.

ui y f (Experiments [3]) y f (Proposed Theory)

1.9 1.8212 0.0341

2.25 2.2009 1.1877

2.5 2.4620 1.9701

TABLE 3: Comparison between the frequency of oscilla-
tions, f , in Hz obtained by different studies.

ui f (Experiments [3]) f (Proposed Theory)

1.9 0.6978 0.1549

2.25 0.7073 0.7513

2.5 0.7172 0.7593

change to fluidelastic instability, namely flutter. This sud-
den reduction in the amplitude of the oscillations is also
noticed in other experiments in [3] for the same system
with different parameters.

The amplitude and the frequency of oscillations pre-
dicted by the proposed theory are also compared to the
experimental data reported in [3] in Tables 2 and 3, recep-
tively. The tables show a reasonable quantitative agree-
ment between the theory and the experiments for the max-
imum amplitude of oscillations at flow velocities not too
close to the onset of flutter, and also a good quantitative
agreement for the frequency of oscillations.

CONCLUSION
A nonlinear analytical model for the dynamics of a

hanging cantilevered pipe simultaneously subjected to in-
ternal and external axial flows has been derived for the
first time. The model predicts, for a long flexible pipe
in water flow, flutter in the first mode of the pipe at
ui f = 1.88. The amplitude and the frequency of oscil-
lations increase with increasing flow velocity. The re-
sults were compared to experimental data from the lit-
erature for a similar system with the same parameters;
a good qualitative and reasonable quantitative agreement

was found for the dynamical behaviour of the system.
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